L^-NORM AND ESTIMATES FROM BELOW 
FOR RIESZ TRANSFORMS ON CANTOR SETS 



V. EIDERMAN AND A. VOLBERG 



Abstract. The aim of this paper is to estimate the L^-norms of vector-valued Riesz trans- 
forms Rl and the norms of Riesz operators on Cantor sets in M'^, as weU as to study the 
distribution of values of R^. Namely, we show that this distribution is "uniform" in the fol- 
lowing sense. The values of which are comparable with its average value are attended 
on a "big" portion of a Cantor set. We apply these results to give examples demonstrating 

^"T the sharpness of our previous estimates for the set of points where Riesz transform is large, 

and for the corresponding Riesz capacities. The Cantor sets under consideration are differ- 

p<| ent from the usual corner Cantor sets. They are constructed by means a certain process of 

regularization introduced in the paper. 

<D 

Q 

1. Introduction 

Let (To, . . . , (T„ be a finite sequence of positive numbers such that 

^ 20-j+i < o-j, j = 0,...,n-l. (LI) 

This sequence determines the corner Cantor set of generation n in M*^, such that the j-th 
^ generation consists of 2'^^ cubes of edge length aj, each of these cubes contains 2'^ corner cubes 

of the (j -|- l)-th generation, and so on. For brevity, we will call En "a Cantor set" instead 
I of "a Cantor set of generation n". There is a number of papers on estimates of various 

^ capacities, norms of integral transforms and operators, etc., on such Cantor sets. These 

estimates demonstrate the sharpness of various inequalities where the bounds are attained 
on Cantor sets; they are also of independent interest. But besides the necessary condition 



(LI), there are certain additional conditions on cxj in many cases. In the present paper 
we associate with given numbers cXj satisfying only the condition (1.1), the "regularized" 



sequence {^j}"^^ such that aj ~ j = 1, . . . ,n, and construct the (non-corner) Cantor set 
^ En formed by 2^^" cubes of edge length £„. Since the corner and non-corner Cantor sets have 

^ similar structure, it is unimportant for applications which set to use. 

^ For a nonnegative finite Borel measure v in M'^, (i > 1, and s > 0, £ > 0, define the 

^ e-truncated s-Riesz transform of v by 

c3 



RIM= I K%y-x)di^iy), 



where 



If the limit 



K\x) = -^, xeR'\{0}. 



\x 



s+l 



Rtix) := hm RUx) 
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exists, we shall call it the s-Riesz transform of z/ at x. To consider all finite Borel measures 
and all points x G M'^, one introduces the quantity that always makes sense, namely the so 
called maximal s-Riesz transform 



KM 



sup \ Rl 

e>0 



(note that Rl^{x) and Rl{x) are vectors and Rl^{x) is a number). 
Besides R^^ and -R^^, we need the e-truncated s-Riesz operator defined by 



K\y-x)f{y)du{y), f e L' 



e>0. 



'\y-x\>£ 

For every e > 0, the operator fH^^ is bounded on L'^{i') 



We set 



sup 

£>0 



Later on we denote by c, C, c', . 
from line to line. 

Let En be the corner Cantor set generated by a sequence (Tq 



(without indices) positive constants which may vary 



, cr„, and consisting of 



2^^" cubes En±- 
< (^j with 



then 



Let fi the probability measure uniformly distributed on each cube En,k with 
Mateu and Tolsa [10] proved that if < s < c?, (2 + S)(rj^i < ctj, 6 > 0, and 



.1/2 



1/2 



'1.21 



where the constants c, C depend only on 6, d and s. In fact, Mateu and Tolsa proved a 
stronger assertion than the estimate from below: for sufficiently small e, 



:i,3) 



This result was refined by Tolsa in [16], where the condition about monotonicity of densities 
6j was dropped. A more general class of Cantor sets ioi s = d — 1 (again under the condition 
%+i < 0j) was considered in [8, Theorem 3.1]. 

The estimate from above in (1.2) was also obtained in [7] by another method. 

The arguments in [10] and especially in [16] are rather complicated. We give two indepen- 
dent proofs of (1.3) for our "regularized" Cantor set. The first (direct) proof is considerably 
simpler than in [10], [16]. The second approach gives the desired inequality as a corollary of 
the following more delicate result. We shall prove that the inequality |i?^(x)p > c^^^O] 
(and therefore the analogous estimate for l-R^^I) holds on a "big" portion of En- We also 
consider the related problem in a more general setting and give certain applications. In par- 
ticular, we establish the two-sided estimate of the Riesz capacity associated with R^. This 
estimate is a refined version (for non-corner Cantor sets) of the corresponding results in [10] . 

We conclude this section with the construction of "regularized" non-corner Cantor sets. 



Let (To, . . . , o"„ be a finite sequence of positive numbers satisfying ( 1.1 ), and let two parameters 
(0, 1) and T e (1, 2^-) be given. (Later on a,T will depend on d and s.) Define the 



a G 
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set J = {ji, . . . ,jm}, m < n, of indices inductively in the following way: ji = 1; if jp G J, 

1 < jp < n, and (T„ < a2~^'^~^p'>aj^, then jp+i is the least j > jp, such that aj < a2'^^^^p^aj^; 
if jp & J, I < jp < n, and (T„ > a2~~^'^~^p^ajp, then jp+i = n. Thus, 

1 = ji < j2 < ■ ■ ■ < jm = n, 
a2-(^-^''V,^ < aj < jp <j < jp+i, p = 1, . . . , m - 1. 



We set 



Clearly (see (1.1)) 



Ij = 2 ^^'Vjp, Jp <]< jp+i, p = 1, . . . , m - 1; 

o'j < < a~^aj, I < j < n; aOn < < 

< a2-(-'-^+i-^-^)£,^, p = 1, . . . , m - 1. 

Hence, aoj < ij < a^^aj, 1 < j < n. 

For w = («!,..., Mrf) G M'' and £ > let Q(w, i) be the cube 



Q(w,£) = {x = {U 



,td) e 



,d}. 



;i-4) 



;i.5) 



Construct the Cantor set En recursively as follows. For p = 1 we set Eq = Qn = Q{0, 2Tii). 
Take 2'^ closed corner cubes Ei^k, A; = 1, . . . , 2^^, of edge length ii (i.e. distinct cubes lying 
inside Qi i with edges parallel to the edges of Qi i, such that each cube Ei ^ contains a vertex 
ofQi,i). ' 



/Q 



p+i,i' 
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Suppose that the cubes Ej^^^, k = 1, . . . , 2''-^^, of edge length ij^, jp < n, are aheady defined. 
Partition each cube Ej^^k into 2'^^^p+^~^p^^^ equal subcubes Q{wp+i^i', 2~^^p+^~^p~'^Hj^). (In the 
figure above d = 2, jp^i — jp — 1 = 2.) If jp+i — jp — 1 > 0, we may consider this partition 
as jp+i — jp — 1 sequential partitions of Ej^^k, such that on j-th step, jp < j < jp+i — 1, 
we split each cube -E'j-i,z into 2'^ cubes Ej^ii of edge length tj. Consider the cubes = 
(5(wp_|_i_j', 2T£jp^J. Remark that by (1.4), 

2T£j-p+i < 2Ta2'^^p+^~^pkj^ < 2'^^^+^-^^^^^ = \2-^^p+^-^p'^Hj^. (1.6) 

Take 2^ closed corner cubes Ej^^^^k of edge length fj^^-^ in each Qp+i^f. We get 2'^^^+^ cubes 
Ej^^^^k, and set 



2''0p+i-i) 

Qp+l,i>\ 



k=l 



Qp+l - 

For p + 1 = m we obtain the desired set En- 

2. Main results 

Our first theorem shows that under certain assumptions is comparable with its 

average value on a set of "big" measure, and this property holds not only on Cantor sets. It 
means that the distribution of values of Riesz transform is uniform in a certain sense. 

Set B{x,r) := {y E M.'^ : \y — x\ < r}, and denote by the class of nonnegative Borel 
measures 1] in M'^ such that 

r]{B{x, r)) < for all x G and r > 0. (2.1) 
Theorem 2.1. Suppose that r] G Ss, ||?7|| < oo, R^{x) exists rj-a.e., < 1, and 



Rt,\\l^^)>a\\v\\, a > 0. 



Then for every b G (0, a) we have 



r]{x : |i?^(x)|^ > b} > c{a - bY\\r]\\, c = c{d, s). 



(2.2) 



(2.3) 



On the other hand, obviously (2.3) implies (2.2) with bc{a — bY instead of a. The analogous 
statements hold for ^ . 



We deduce Theorem 2A_ in Section 3 from a deep result by Nazarov, Treil and Volberg 
(Theorem 1.1 in [12]). In Section 4 we obtain the following estimates for ||-R^||^2(^) and |5^^|. 
As before, we denote by fi the probability measure uniformly distributed on each cube En^k 
with fx{En,k) = 2-'^". 

Theorem 2.2. Let an integer d> 1 and s G (0, d) be given. There are constants a G (0, ^), 
T G (1,2^), depending only on d, s, and such that for any positive numbers ai,...,an, 
satisfying ( 1.1[ ) with 1 < j < n — 1, and for the corresponding Cantor set En, 



■ n 

■j=i 



1/2 



< \\R" 



< C 



1/2 



< \K\ < c 



•j=i 



nl/2 



1/2 



2-4?' 



(2.4) 
(2.5) 



where the positive constants c, C depend only on d and s. 
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(We use the same notation 9j for values slightly different from the ones in (1.2). Clearly, 
the corresponding relations in both cases are equivalent.) 

Set 1] := c Ej'=i ^|]~^ ^^/^- If c = c{d, s) > is small enough then r] E S.,, and < 1 by 
the upper bound in (2.5). Moreover, the first inequality in (2.4) implies (2.2) with a = a{d, s). 



Thus, Theorem 2.1 immediately yields the inequality 



lii^x : |i?^(x)p > cf^^l} > <^o, So = So{d,s) > 0. 



(2.6) 



The existence of Cantor-type sets satisfying (2.6) was established in [7, Section 7] using 
probabilistic arguments. But a concrete set was not presented. The particular case d = 2, 
s = 1, CTj = , was considered in [2]. A more general class of plane corner Cantor sets was 
treated in [6]. 

Clearly, ( |2.6 ) implies the estimates from below in (2.4), (2.5) (in fact, the estimates from 
above were obtained in [7] - see Section 4 of the present paper for details). In Section 5 
we give a completely different proof of (2.6) without the use of Theorem 1.1 in [12] and 
of Theorem |2.2[ This independent approach allows us to consider a more general class of 



measures and wider range of s. 

In Section 6 we consider the capacity 'ys,+ {E) of a compact set E G M.'^ defined by the 
equality 

7,,+ (E) := sup{||z/|| : u G M+{E), WRth^^^,) < 1}, 

where M+{E) is the class of positive Radon measures supported on E. For d = 2, s = 1, 
71^+ (i?) is the analytic capacity 74., which is comparable with the analytic capacity 7 by the 
remarkable result of Tolsa [15]. For s = d — 1, d > 2, 7^,+ is comparable with the Lipschitz 
harmonic capacity (see [17] and [7, Section 10] for details and references). 

Theorem 2.3. Let d>l,sE {0,d). For any finite sequence of positive numbers di, 
satisfying (1.1) with 1 < j < n — 1, 

2-1 -1/2 



E 



< IsAEn) < C 



2-1 -1/2 



(2.7) 



where the positive constants c, C and the parameters a, T of the corresponding Cantor set 
En depend only on d and s. 

For corner Cantor sets and d = 2, s = 1 (that is for analytic capacity 7+), the estimates 



(2.7) were obtained in [5] under the additional assumption aj+i/aj < A < 1/3. A different 



proof has been given in [14]. The corresponding inequalities for 7 were proved in [11] (before 
the Tolsa's result [15] about comparability of 7 and 7+). The case of the Lipschitz harmonic 
capacity (i. e. d > 2, s = d — 1) was treated in [10] under the assumptions (2 + S)aj+i < 
aj, S > 0, and 9j+i < 9j. Thus, Theorem |2.3| is a refined version of these results for 



"regularized" Cantor sets. It is noted at the end of [10] that (2.7) holds under the same 
assumptions for the signed Riesz capacity 7^ as well. In fact, our proof of Theorem 2.3 
is a modification of the arguments in [10] and [9], and these arguments also work for 7^ 
and for "regularized" Cantor sets under the additional assumption (2 + 6)(Tj^i < aj, but 
without monotonicity of 6j. It is known that 7^ ~ 7^^+ for d = 2, s = 1 [15], for d > 2, 
< s < 1 [9, Theorem 1.1], and for d>2, s = d— 1 [17]. As far as we know, the validity of 
this relation in other cases is an open problem. The extension to bilipschitz images of corner 
Cantor sets from [10] is given in [8]. 
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In Section 7 we give "the limit case" of Theorem 2.3, when the sequence {cj} is infinite. 
We use the obtained estimates to demonstrate the sharpness of results in [7]. In particular, 
we consider the problem of comparison of the capacity 7s^+ and Hausdorff content. 

3. Proof of Theorem 12.11 
Lemma 3.1. If f is a non-negative function, v is an arbitrary probability measure, and 

fdu>L, I f^du< AL^, L>0, 



then for 6 G (0, 1) we have 

{1-5Y 



iy{x: f> 5L} > 



AA 



Proof. Clearly, 



Assume that 



Then 



f>2AL/il-S) 



■' - ' 2AL-' - 2 



u{x:f> SL} < ^ 



2 Jf<2AL/(l-5) 2 

Since the left hand side is equal to the same number ^^^^L, we come to a contradiction. □ 



Proof of Theorem 2.1. By [12, Theorem 1.1, p. 467-468], the uniform boundedness of the 
cut-off Calderon-Zygmund operators T*^^^ on L'^{r]) implies the boundedness of T and of 
the corresponding maximal singular operator on L^{f]) for every p G (l,oo). Applying this 
theorem for f{x) = 1, p = 4, we get 



j \R;{x)\Ur^{x) =\\R:^\\l^^,) < {A 



where the constants A' , A" depe nd on ly on d and s (the last statement follows from the proof 
of Theorem 1.1 in [12]). Lemma |0 with /(x) = u = T]/\\r]\\, L = a, A = (A')^a~^ 

SL = b, yields (Q, since = j(i^ = c(a - bf- 

The proof of the corresponding statement for ^ is essentially the same. □ 

4. Proof of Theorem 12.21 

We need some notation. Let Xj^^k, Wp^i be the centers of Ej^^k and Qp^i correspondingly, 
and let Ej^{x), Qp{x) be the cubes Ej^^k, Qp,i, containing x. Set 

r y — ^ 

^p{x) = rjT]:dfi{y), xeQp+i, p=l,...,m-l; 

J Qp{x)\Qp+iix) \y - ^\ 
jQm{x) \y - ^\ 
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Obviously, 



p=l 



Lemma 4.1. There exists Tq = To((i, s) > 1, such that for any a G (0, (2To) ^) and T G 
(To, {2a)^^) we have 



2-djp 



< / ^p{xf dfi{x) < C 



En 



(4.1) 



with c and C depending only on d,s. 
Proof. We have 

y-x 



+ 



{x)\Qp+iix) \y - x\ 

y-x 



T My) 



p{x)\E,^{x) \y-A'^ 



- d^{y) := Ii{x) + /2(x), p = 1, . . . ,m - 1; 



E„{x) 



y-x 

\y — xl"^^ 



T My) + 



y-x 



Qm{x)\En{x) 



\y - A 



S + l 



dfi{y) := /i(x) + hix). 



By ( 1.6), the cubes Qp+i,i in Ej^{x) are separated. Hence, up to a constant, /i(a;) is majorized 
by the integral over the measure uniformly distributed on Ej^{x) with density 2~'^^p£~^, that 
is 

2-djp rt]p ^d-1 2~'^^P 



\h(x)\<C 



Jv 



t' 



dt = C'{d, s) 



X e Ej^, p = l, 



m. 



Suppose that x G Ej i. (i. e. Ej (x) = Ej k). We claim, that for sufficiently big T, 



IHx) - h{xj^,k)\ < 2 \Hxjp,k)\- 



(4.2) 



(4.3) 



Indeed, 



|/2(X)-/2(X,^,,)| < 



M^)\Ejp{x) 

<C{s) 



y-x 



y - ^jp,k 



\y-x\'+'^ \y-Xj kl"^'^ 



My) 



\X Xj^^k 



Qp{x)\Ej^(x) \y - Xjp,k\ 

On the other hand, for T big enough we have 



s+l 



djiiij) < C'{d, s] 



2-djp 



3p 



2-djp 2^'^^p 
c{d,s)——— < \l2{x)\ < C{d,s)- 



{Ti 



ip) 



(T£ 



X e Ej^. 



(4.4) 



3pl 



The lower bound in (4.4) implies (4.3). 

Obviously, l\{x'^ = —Ii{x") whenever x',x" G -Ej^.a: and x',x" are symmetric with respect 
to Xj^^k- Hence, for "half" of the points x G the angle between the vectors hixj^^k) 

and Ii{x) is less then or equal to 7r/2. For these x we have 

\Ux)\ = \hix) + hix)\ > \hix) + l2ix,^,k)\ - Ihix) - l2ix,^,k)\ 

I 2~'^^p 
> \hixj^,k) \ - ^Ihixj^^k)] > c'{d,s)j^^y ■ 
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We get the lower bound in (4.1 ). The upper bound follows directly from (4.2) and (4.4). □ 
Lemma 4.2. Let 6 = min(|((i — s), ^). Then 



En 



< CT 



S\p-q\ 2-'^J9 



(4.5) 



3p 3<i 



where C depends only on d and s. 
Proof. By symmetry, 

ip{x)dii{x) = p=l,...,m, I = I, . . . ,2'^^^^-^\ 



Suppose that p > q. We have 



2d(Jp-l) 



[x)Cg{x) dfi{x) 



^ En i=l ^ Qp,i 

2'iUp-i) 

i=l JQp,i 



(4.6) 



By (14J, (14J, 

For X e Qp,j, we get 



|ep(a;)|<C^, C = C{d,s), x e E,^. 
^jp 



(4.7) 



Qq{x-)\Qq + l(x) 



y-x 



y - Wp.i 



\y-x\'+^ \y-W: 



\s+l 



p,i I 



dfi{y) 



< C 
= C 



\x 


- Wp,i 


dfi{y) 


\v 


- 


\x 


- wpA 


dn{y) 


\v 


- xY~^ 


\y - x\'+^ 



q\ — 



s+5 ' 



As in Lemma 4.1, we represent the last integral as the sum of the integrals over Ej^{x) \ 
Qq+i{x) and Qq{x) \ Ej^{x). The second integral is estimated exactly as in (4.4). The first 
integral, as before, is majorized by the integral with uniformly distributed measure. Thus, 
the last bound does not exceed 



pl-5 



dt + 



pd 

^iq ^0 



( 

C'T - 



\^3q + l 



1-5 / n \ S 



<\—6 fs+S 

jq+l jq 



< C'Ta^^P-'^h-^^^"-^"^ -—, a = C\d, s) 



ll / ^Oq 



]q 



(in the last inequality we used the obvious relation dj^ < ij^^^ and (1.4)). Since jp—jq > p—q, 
we obtain the inequality 



\U^)-U^P,)\ < CTa'^P-'^h-'^^-'^^ 



2-47q 
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This inequality together with (4.6), (4.7), and the obvious relation Yl'i=i' ^ f^iQp,-, 
imply (4.5). 



1, 
□ 



Proof of Theorem 2/2,. Set 



3p 



We start from the lower bound in (2.4). Obviously, 



n lit 

/ ^pixf dfx{x) + Y ^p{x)^q{x) dli{x) =: Si + S2. 

p^l J En J En 



From (4.1 ) we have 



Si > 



(4.9) 



p=i 



Enumerate 9p in decreasing order: 9^^ > > •■■ > 0p„- From (4.5) we derive the 
estimate 



iSol < 2CTa^ 



E2-'5|pi-Pi|02 _|_ \ ^ 2^'^IP2-PilQ2 _j_ . . . _|_ 2~'^IP™--i~?'™l@2 
Pi / J P2 Pm^l 



1 = 2 
00 



i=3 



(4.10) 



i=l 



P=l 



We can choose a and T in such a way that the constant cT in (4.9) is at least twice as 
big as the constant before the last sum in (4.10). We have 



>c^Oj, c = c{d,s). 

p=i 



To get the lower bound in (2.4), it remains to note that 



E 

j=jp 



E 

j=jp 



2-^ij-jp)B 
jp 



(4.11: 



]p 



<C{d,s)Qp, p=l,...,m-l. 



Obviously, the estimate from below obtained in (2.4) implies the lower bound in (2.5). To 
complete the proof of Theorem 2.2 it is enough to get the upper bound in (2.5). But the 
proof of this estimate is literally the same as the proof of the corresponding estimate for 
corner Cantor sets in [7, Corollary 3.5]. □ 
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5. Estimates for the size of the set where \Rl\ is large. 

Another approagh 

In this section we develop an independent approach to obtaining the estimate ( |2.6 ), as 
well as its generalizations and related results. 

Let a finite sequence cxi, . . . , an, 2(Tj+i < aj, j = 1, . . . ,n — 1, and constants a G (0, 
T G (1, 2^), Co > 0, be given. For the corresponding Cantor set En and for a positive measure 
u supported on En, set 

Je„\e„{x) \y - x\ 

where En{x) is the cube En,k containing x. Define the sets £, £ of cubes by the relations 



£ = { En,k ■■ \Rt{Xn,k)\ > 

£ = <i E„k ■■ \RtiXn,k)\ > 



- n 


1/2 >. 
i 






- n 


1/2 N 

i 


\-j=i J 



ps ' 



(5.1) 
(5.2) 



Here as before, Xn,k is the center of En.k', in (5.1) we assume that the values Rl{xn,k) exist. 

Theorem 5.1. For every s G (0, oo) and every integer d > 1, there exist constants Cq, Tq, 
depending only on d, s, with the following properties. Fix some T > Tq, a < ao{d, s,T), and 



a sequence ai. 



,an, 2crj+i < aj, j 



,n — 1. Let v he a measure supported on the 



2"^", with iy{E, 



corresponding Cantor set En, equally (but not necessarily uniformly) distributed on each cube 

'n,k) = 2~'^". Then the number of cubes En^k in £ 'is comparable 

(5.3) 



En,k! k — 1, . 

with the number of all cubes in En, that is, 

> Cl2'^^ 

where ci is an absolute constant. Moreover, if values Rl{xn,k) exist, then 

#^ > ci2'^". 



(5.4) 



The same conclusion holds if we replace Xn.k in (5.1), (5.2) by any fixed points x'^j^ E En,k, 

such that X^ ^ Xn,k — x,^ I Xn,l, k, I = I, . . . , 2'^"'. 



This theorem implies a useful corollary which will be given after the proof. 
The proofs of (5.3), (5.4), and of the statement for points x'^/^, are the same. For definite- 
ness, we consider the case (5.4). 

Lemma 5.2. For every finite sequence {ctpj^i of positive numbers and for given 6 > 0, 
there is a subsequence {apj^i, such that 



2-^^P'-P^ap < ap, for allp<pi, l = l,...,K; 

K 



(5.5) 
(5.6) 



1=1 



p=i 



where c depends only on 5 and k. 
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Proof. Let the maximal index px be the least integer for which 



max 2-^(^-^)0^ = 2-^^'''-P^^ap^ 

l<p<m 



(the value of K will be determined by the construction in the sequel). 

Suppose that indices Pk,Pk-i, ■ ■ ■ ,Pi+i are already defined, and pk > Pk-i > ■ • • > Pi+i > 
1. Then pi is the least integer satisfying the relation 



max = 2-^^P^+'-P'^ap^. 



i<p<Pi+i 
This equality implies that 

2-'^P^-P^ap<ap„ l<p<pi+i. (5.7) 



In particular, we get (5.5). Clearly, pi = 1. Using (5.7) for p G [puPi+i) with pk+i := m + 1, 
we get the following estimate: 

m K P!+i-l K Pi+1-1 00 K 

p=l 1=1 p=pi 1=1 P=Pi i=0 1=1 



which yields (5.6). □ 



We use Lemma 5.2 with = Gp, 6 = 1/2, x = 2, in order to extract the future subse- 
quence from {Gp}^]^ (the numbers Gp are defined by (4.8)). 
By Lemma 5^, there exists the set V of indices such that 

2-o.5(p-g)Q^ < Gp for all g < p, p G V; (5.8) 

m 

J2el>cJ2Ql (5.9) 

pev q=l 

where c is an absolute constant. Set K = 

Each cube En,k, k = 1, . . . , 2'^^, can be represented in the form 

E,,fc = /C„xl„ M = 1, . . . , 2('='-i)", t; = l,...,2", 

where /C„ is the projection of -E„ ^ onto the hyperplane ti = 0, and Xy is the projection of 
En^k onto the ti-axis. For u fixed, we associate the vector e'^''-' = (e^^'', . . . ,6^'''') with each 
cube En,k = ICu X in the following way. The choice of an interval ly can be viewed as a 
result of n subsequent choices (steps): starting from the interval [—Tii,Tii], at j-th step, 
j > 1, we choose the left or the right of two equal subintervals of length ij in the preceding 

interval. We set e^^^ = —1, if we choose the left subinterval at j-th step, and e^'^'' = 1 in the 
opposite case. Thus, we get the one-to-one correspondence between the cubes En,k = ICu^-Zy 
with fixed u, and vectors e'^''^ 

Lemma 5.3. Let T > Tq, a < ao{d,s,T), and let the cubes E^^^. = )Cu x 1^-, i = 1,2, be 
such that 

= —1, = 1 for some p G P, 



(Vi ) 1 ■02 ) ■ / ■ 

e} = e) J ^jp. 
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Suppose that a measure v satisfies the conditions of Theorem 5.1. Then 

C2 2-^^^^ 



Jp 



(5.10) 



where -R^^(x) is the first component of a vector Rl{x), and the constants Tq, C2 depend only 
on d, s. 

Proof. In order to simplify notation, we set Xn,ki = o., Xn,k2 = b (see the figure in Section 1, 
where a possible location of a, b is indicated). As before, we denote by E{x), Q{x) the 
corresponding cubes containing x. Obviously, 

r _y-b 



y-a 



du{y) 



Hence, 



Rl{a) - Rlih) 

J Q„(a) 



y-a 



\y-b\ 

y-b 



jduiy), b-a=i2T-l)i,^. 



lQp(a)\E,p{a) 



y-a 

\y-a 



\s+l 



+1 



y-a\ 
du{y) - 



\y-W 



I My) 



Qp{a)\E,^(b) 



y-b 

\y-b\'^ 



I di^iy) 



+E 

q=2 



y-a 

Ej^_,{a)\Q,(a) VIZ/ " a\'+'^ 

y-a 



g=2 JQ,-l(a)\Ej^_,{a) WV - a 



s+1 



f^b^) My) =:/i-/2 + Si + S2 



(for p = 1 the last sums are absent). If T is greater than certain Tq = To((i, s) then 

2c2 2^'^-'^ 2c2 

{the first component of the vector (Ji — h)} > tp, t — = tp^^p , C2 = C2{d, s). (5.11) 



We claim that 



^JP 2^ -^^ih - J,-i) < CaQp , per, 0<a<- 



(5.12) 



q=2 Jq-l 



where C is an absolute constant. Indeed, by (5.8) the the left hand side of (5.12) does not 
exceed 



'-Jp 



P 20.5(p-g) 
^p}^— {jq-jq~l)- 



=2 ^"-^ 



The inequality (1.4) yields the estimate 



Continuing the estimation, we get (5.12): 

p 



ep5^2°-5(^'-^)«P-^+^2-(^''-^-^)(j, - j,_i) < CaQp. 

q=2 
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Since \y — a\ < 2\y — b\ in the integrals from Si and ZI2, we have 



y-a 



y-b 



\y - o-i 



\y-b\' 



+1 



<C{s) 



\b-a\ 



Thus, 



^ En 



\y - a-l 
1 



T < 2C(s) 



Ti 



\y - a] 



s+1 



(5.13) 



-duiy), C = C{s). 



q=2 J E,^_^(a)\Q,{a) W - a\ 

As in the proof of Lemma |4.1[ we majorize the last integrals by the integrals over the 
measures uniformly distributed on Ej^_^{a) with densities 2~'^^«~^/^^^_^. We get 

p 



q=2 J 1-1 



d-1 



2-Uq-ig-l-l)p. 

Jq — 1 



dt. 



(5.14) 



We consider three cases. 
Case 1. s < d-l. Then 



(Id Jq- 

q=2 jq-l 



for a < C2[2C'{d, s)T*'^^] ^, where C2 is the constant in (5.11). 
Case 2. s = d-1. By ( |5.14[ ) and ( |5.12[ ) we have 

q=2 ^i,-! 

if a < C2[2C"T^+i]-i. 



Case 3. s > d-1. Again by ( |5.14[ ), 



q=2 jq-i 



is-d+1 

jq-l 



JL 0^d-jp2d{jp-jq-i) {s+l)(p-q+l) 



is-d+l){jq-jp) 



< 



q=2 



C2 
2T' 



C2 



As concerns S2, we have 



ISol < 



CTl,p Y 



2-'^^i-^ C2 



g=2 



I < ^0p, a<c(rf,s). 



□ 



The estimates for Si, S2 and (5.11) yield (5.10). 

The next lemma is a particular case of Lemma 7.3 in [7]. 

Lemma 5.4. Let Aj, i = 1, . . . , K , be positive numbers. Let Q, i = 1, . . . , K , be independent 
random variables satisfying 

K K 

\Q\<CK, 5^Var(0)>c^A,^ (5.15) 



1=1 



1=1 
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Then there exists (3 = (3{C, c) > such that 

K , K ^ 1/2' 



(5.16) 



We need the following Lemma 10.2 in [6]. 

Lemma 5.5. Let positive numbers Aj, i = 1,...,K, be given. For each vector f^^-* = 
{fi \ . . . , fx^), r = ^, ■ ■ ■ , '^^ , with components equal to plus or minus ones we set 

1=1 

Let A be a set of different vectors f^*"^ such that A C {f('") : ^(f*^'')) < 0}. Then there exists 
a set B C {f(^') : S{i^^'^) > 0} with the following properties: 

1) all the vectors in B are distinct; 

2) #A < #B; 

3) each vector f ' G can be obtained from some vector t E A by replacing some negative 
components of f (depending on i') by positive components while keeping all the positive 
components off. (Different vectors f can be obtained from the same i.) 



Proof of Theorem 5.1. Set Aj = 6p,, pi E V, pi < p2 < 



integer u and the components e^^\ j ^ V oi vectors e 



< pk, (y 



(y) 



Ei=i Fix an 
). Let T be the 



set of cubes E. 



'n,k = /Ctt X Xt, with fixed parameters indicated above. Clearly, J-" consists 
of 2^ elements depending only on the choice of the components e^^'^ with j E V. We can 
consider this sampling as a choice of a vector f'^''^. We introduce the following subsets of J-' 
(or equivalently, the subsets of vectors f*^'')): 

C2 



Qi 
Q2 

Q4 



{En,k £ 

{En,k £ 
{En,k G J' 
{En,k € 



AT' 
C2 



\Rl^iXn,k)\ > 
\RUXr.,k)\ < 

5(fW) > -/3a}, 



(3a}, 



where /3 is the constant in Lemma 5.4 with c = C = 1, and C2 is the constant in (5.10). 

We shall consider the choice of a vector f '^^^ r = 1, . . . , 2^, as a random event with the 
same probability for all vectors. This defines a random variable S with values S{i^'^^). 



Obviously, we can interpret H as the sum of independent random variables Q. 
taking the values Aj and — Aj with probability 1/2. 



We now use Lemma 5.4, In our case, Var(C, 



C = 1. Since distribution of H is 



symmetric, (5.16) yields the inequality 



P{E < -/3a} > 



(3 



Hence, 

#Q3 > /32^-\ (5.17) 
Consider now the set ^ := Q2 H Q3. By ^ we denote also the set of the corresponding 
vectors f*-''^ If A = 0, then ^A = 0, and we immediately arrive at the estimates (5.18) 
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below. Assume that A ^ 0, and let B be the set of vectors corresponding to the set A by 
Lemma 5.5 Consider an arbitrary vector f G B. It can be obtained from some f G ^ by 
the replacement of some negative components of f by positive ones. Let be the set of 
indices of the replaced components of f. Let f = f*^^\ f = f*^*\ and let En,k, En,m be the 
cubes associated with f ^''^ and f correspondingly. Since 5(f(*)) > 0, it follows that 



(3a < 5(fW) - S{f 



A.. 



On the other hand, applying Lemma 5.3 times (successively for each component in J') 
we get 



_C2_ 

2T^ 



/5a, 



so that 



C2 



Hence B C Qi. Moreover, B C Q4, since ^(f*-^'^) > for i^'''^ G B. Bearing in mind that 
#^ < #S, we obtain 

#(Q2 n Q3) = #^ < #i3 < #(Qi n Q4). 

Thus, for every set J-" (that is, for each u and for each collection of components e^^\ j ^V), 
we have 



#Qi = #(QinQ3) + #(QinQ4) 
>#(QinQ3) + #(Q2nQ3) 



15.1711 

#Q3 V /32^"^ 



(5.1^ 



Since there exist 2^*^ values of u, and 2" ^' collection of components e^^^ with j ^ it 



follows that 
It remains to note that 



9=1 



J=l 



Theorem 5.1 is proved. 



□ 



Using Theorem 5.1 we show that for the class of measures v satisfying the assumptions of 
this theorem, the Riesz transform Rl{x) is large on a "big" portion of En. 

Corollary 5.6. Let an integer d > 1 and s > be given. There are constants a G (0, 
T G (1, 2^), C3 > 0, depending only on d, s, and such that for any positive numbers o"i, . . . , 0"„, 
2o"j+i < cTjj 1 < J < — 1; o,nd for the corresponding Cantor set En, 



■H''{xeEn:\Rl(x)\>Ci 



E". 

J = l 



.1/2 



> ^^H^En) 



2 



IT 



(5.19) 



Here 'H'^ is d- di mensional HausdorfJ measure, and u is a measure satisfying the conditions 
of Theorem 5.1, such that R'Kx) exists (in the sense of principal values) 'H'^-a. e. on En. 

Remark. For s < d the condition about existence of R1{x) holds for any Borel measure on 
En- Generally speaking, it is not correct for s > d. 
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Proof. Set T = To + 1, C3 = Co{2T^) ^, where Cq and Tq are the constants from Theorem |5.1 



Choose a sufficiently small a which will be specified later, and consider the corresponding 
Cantor set En- Let uq be the point measure with charges equal to 2~'^" and located at the 
centers x„ k of the cubes En k- We claim that 



\Rt{x) - Rt(x)\ < 



Co 

4T^ 



■j=i 



1/2 



, X G Eni 



(5.20) 



if a is small enough. Indeed, let x',x" be any two points lying in the same cube En^k (that 
is, En{x') = En{x") = En,k)- In the same way as (5.13) we obtain the inequality 



y-x 



y-x 



\y ^ X' 



/|s+l 



\y - 



< 



CL 



\y - X 



i\s+l ' 



C = C{s). 



Let j G [1, n — 1], and let p G [1, m — 1] be such that jp < j < jp+i- By (L4) we get 



a 



-P2-0--i)£, < a2-("-^') 



(5.21^ 



(5.22) 



(we recall that jm = n). We use (5.21) with x G En^k instead of y, and with x' = y G En^i 
x" = Xn,i, i ^ k. Then 



\Rl{x) - Rl^{x)\ < 



<Cin 



i^k 

du{y) 



\y — a;|*+^ 



Xr^ 



X 



\Xri._i X\ 



< 



n—1 „ 

.=1 "^^^ 



n— 1 



< C"in X] ^ < C*" max 



ps+l 

j=l 



l<i<n-l 



2-4?- 



C"a max ■ V 2"^' < C"a V 

l<7<n-l 

i=l ^=1 



<\y~x\<ej-i \y ^ 

Co 



diy{y) 

djyjy) 

\s+l 



.1/2 



< 



AT' 



1/2 



if a < Co[4:C"T']-\ C" = C"{d, s). Clearly, a depends only on d and s. 

The inequality (5.21) and the same arguments as in (5.23) yield the estimate 



\Kix 



Rt{x")\ < ^ 



E«. 

•i=i 



nl/2 



X , X G i-'n,k ■ 



(5.23) 



(5.24) 



Let £ = £^(i^o) be the set defined by (5.2) for the measure uq. Fix some cube E^^k ^ ^, 
and set 

y-x 



L.kix) 



n,k 



\y - x\ 



- dp{x) = Rl{x) - Rl{x), X G En,k 



(we consider only the points x for which Rl{x) exists). Let -En,fc* be the cube symmetric to 
En,k with respect to the center xq of the cube Eq. Choose x G -E„,fc, and let x* G En^k* be 
such that X — X* = Xn,k ~ Xn,k*- Clearly, In,k{x) = In,k*{x*). Moreover, 



'^voiXn,k* , 
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by the symmetry of the measure uq with respect to Xq. Hence, for at least one couple of 
vectors In,k{x), Rl^{xn,k), or J„^fc*(x*), Rl^{xn,k*), the angle between these vectors is less or 
equal to it/ 2. So, for the sets 

Sn,k ■= {X e En,k ■ \In,k{x) + Rl^{Xn,k)\ > \RL{Xn,k)\} 



£n,k* ■= {X e En,k* ■ \In,k*{x) + Rl^{Xn,k*)\ > \Rto(^n,k*)\} 



we have 



'H'^i£n,k) + 'H'^i£n,k*) > 



For X G £n,k "we get 

\Rl{x)\ = \In,k{^) + Rtix) 



In,k{x) + KMn,k) + Rt{Xn,k) ' KS^n,k) + K{^) " Ki^n^k 



> \Rl (Xn,k) \ - \Rt{Xn,k) - RtAXn,k) \ " \Rt{x) - Rt{Xn,k)\ > 



i=i 



1/2 



Analogous estimates hold for x* G £n,k* ■ Hence, 

r n -| 1/2 



?^'^<!xGE„,,UE„,fc* : \W„{x)\ > 



Co 



for every En^k ^ £■ Since jj^S > Ci2 " (see (5.3)), we get ( 5.19 ) with C3 = Cq 



'Sl-l 



□ 



The inequality (2.6) is a particular case of Corollary 5.6 Indeed, note that /i = p'H'^\e„ 
where p = 2~'^"'i~'^. Multiplying both parts of (5.19) by p, we get (2.6). 



6. The capacity 7^,+ of Cantor sets: proof of Theorem 2.3 



As we mentioned in Section 2, our arguments are similar to those in [10] (which in turn 
use the ideas in [11]). On the other hand, there are certain differences as well. For instance, 
in [10] the harmonicity of the Riesz transform (outside the support) was used in an essential 
way. Since s is not necessarily equal to d — 1, we cannot use harmonicity, and we cannot 
work with the measure supported on the boundaries of certain cubes, our measure will be 
supported also on the interior of these cubes. Moreover, and this is more essential, [10] 
uses a certain regularity of their Cantor sets. We have another type of Cantor sets, lacking 
this regularity (namely, not all our cubes Ej^i are separated enough). This creates specific 
difficulties. There is a number of other differences (for example, we do not use Cotlar's 
inequality). Also, Mateu and Tolsa [10], while claiming the result for all s G {0,d) (and for 
their Cantor sets), give the proof only for s = d — 1. This is why we wish to present a full 
proof, even though it follows the idea of [10]. 

We need the following characterization of 7^^+ obtained in [17], Chapter 5: 

7,,+ (E) ^ sup{||?7|| : ?7 G S^, suppr] C ^, I^H^I < 1}, 0<s<d (6.1) 



(see (2.1) for definition of S^). Following [10], we introduce the capacity 

7r,+ (i^n) = sup{r : < r < 1, < 1}, (6.2) 
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where /x is the probabihty measure defined in Section 1. Using (2.5) and (4.11), we have 

.1/2 



= r\K\ 



T 



i=i 



p=l 



1/2 



2-djp 



Hence, 



■3=1 



.-1/2 



Ee? 

p=l 



.-1/2 



(6.3) 



where the constants of comparison depend only on d and s. It is easy to see that the measure 
7] := c[J2'j=i ^"j] with c = c{d, s) belongs to S^. Now the relation (6.1) and the upper 
bound in (2.5) imply the estimate 

7s,+ (-E„) > c 



E"! 



-1/2 



7^,+ (^n), c = c{d,s). 



Thus, it is sufficient to prove that 

IsAEn) < Coi^A^n), Co = Co{d, s). (6.4) 

Let z/ be a positive Radon measure supported on a compact set E in M"^, for which 
||i?^(x) ||/^oo(Kd) < 1. It is shown in [9], p. 217, that the last inequality implies the estimate 

u{B{x, r)) < Cr', x eW^, r > 0. (6.5) 

The arguments in this part of the proof of Lemma 4.1 in [9] are valid not only for < s < 1, 
but for < s < as well (the reference [P], Lemma 11 in [9] should be replaced by [P], 
Lemma 3.1). For s = d — 1, this fact is also noted in [17], p. 46. Hence, z^(-E') < CW{E). 
By the definition of 7^^+ (see Section 2) we have 

7,,+ (E) < Cn'{E), C = C{d, s), for any compact set E C M.'^. (6.6) 



(The inequality (6.6) also follows from [13, Lemma 3.2].) 
We will prove (6.4) by induction on n. The induction hypothesis is 

where the constant Co = Co((i, s) will be specified later. Let 

= + + ■ ■ ■ + e^, i<k<m. 



(6.7) 



Suppose that \Sm < Si. Then by (6.3) we get 7^_,_(i?„) > c£f. This inequality together with 
(6.6) yield the estimate 

IsAEn) < IsAEl) < Cil < C'AsAEn). C = C'{d, S). 



In particular, we get (6.4) for = 1, if C" < Cq. Moreover, we can assume without loss of 
generality that > Si. Hence, there exists K, 1 < K < m, such that 



Sk < 2*^"* ^ Sk+1- 

We consider two cases. 

Case 1. For some constant Aq = AQ{d, s) to be determined below, 

'ysAEj,,+,-i,k n E„) > Ao2-'^(^'^+^-i)7,,+ (E„), k = l,..., 2''^^^+^-'\ 



(6.8) 
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The set Ej^^^^^i^^ fl En is constructed exactly in the same way as starting with Ujj^^^ 
instead of cti = ^i, and with q = n — Jk+i + 1 instead of n. Hence, 



p=K+l 



'1/2 



-1/2 



^ A^'CoC'^^AEn) < Coi^AEn), 



2'^0a-+i-i) 



(6.9) 



if Ao>C' = C'{d, s). We get (|6J). 

Case 2. For the constant Aq determined above, 

7.,+ (^,,,+,-i,fc n En) < Ao2-'^(^'^+i-i)7,,+ (E„), k = l, 

As in [10], we again distinguish two cases, namely O^+i > Sk and 6|^_,_]^ < Sk- If ©Ir+i > 
Sk, then 

and we have 



JK+I 



c V2C' 2C" 



< 



5, 



1/2 



Thus, (6.4) holds if Cq = Co(c/, s) is sufficiently big. 
Suppose now that < Sk- Then 

1 



We consider the measure 



2 

IsAEn) 

'^'^(Ejj^] 



Sk+1 < "^Sk < 2Sm- 



(6.10) 



7s.+ (^n' 



Clearly, \\'q\\ = 7s^+(i?„). We will show that |5H*| < C{d, s). Assuming this fact for a moment, 
we get 



IsAEn 



\V\\ V C7.^,+ (i?,,) V V 2C'5-V2 V C"7.^,+ (i?. 



and (6.4) follows. 

To prove that is bounded, we will use the local T{b) theorem of Christ [4]. According 
to the Main Theorem 10 in [4], p. 605, it is enough to prove that t] satisfies the following 
conditions: 

(i) ri{B{x,r)) < Cr^ , x G Ej^^, r > 0; 

(ii) 7]{B{x,2r)) < Cr]{B{x,r)), x e Ej^, r > 0; 

(iii) for each ball B centered at a point in Ej^^, there exists a function 6b in L°°{v)j 
supported on B, such that < C and iD^^^fosI < C //-almost everywhere on Ej^^^, and 
v{B)<C\JbBd7]\. 
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First we verify condition (i). Let B = B{x,r) be a ball centered at x G Ej^. If r < 
we have 

C' (6--'--'-) 

— 2^^Kpd pd-s 

Suppose that r > Let j < jx be the least integer for which ij < r. Then B may 
intersect at most C = C{d) cubes Ejj.. Hence, 

,(B) < fME,,) ^ < 2^ f a- < cr: 

Using the same kind of ideas, it is not difficult to verify condition (ii) as well. 
Thus, we only need to check the hypothesis (iii). Again, let a ball B = B{x',r) centered 
at x' E Ejj^ be given, we set hs = Xb- Then 

Suppose that r > 2\/~dlj^. Let jb be the least integer for which there is a cube of 
generation jb (i.e. the cube of Ej^^) contained in \B. Clearly, jb < jx (since B is centered 
at x' G Ejj^). We will construct the function 6^ supported on B. By definition of the capacity 
7s,+, there is the positive Radon measure z/ supported on En such that ||i?^(a;)||ioo(]Rd) < 1 
and v{En) > ^7s,+ (-En)- Hence, there is the cube Ej^^k for which 

u{E,^,k) > 2-*-K^n) > ^2-^^-7.,+ (i?n) = lv{E,,,k). (6.12) 



We need the localization lemma in [9]. Let Q = Q{w,i) be any cube (see (1.5) for the 
notation Q{w,i)). Let ipq be an infinitely differentiable function supported on 2Q and such 
that ||9''v9Q||/,oo(]ud) < C{s)£~^^^, < |k| < (i, < fqiy) < 1, ^qiy) = 1 on Q. By Lemma 3.1 
in [9], p. 207, 

\KQu\\L^m<C, C = C{d,s). (6.13) 

To simplify notation, set ip^ = ipg for Q = Ej^^^- At first we define bs when Ej^^k C ^B. 
In this case, suppip^ C ^Ej^ ^ C B. We set 

bBix) = b,,4x) = Yl ^^""rF'r^ XE,a^). (6.14) 

If Ejg^k 't- \B, we choose any cube -Ej^,* \^-- ^^"^ define 6b by translation of &ja,fc, namely 
(we recall that OC j ^-i IS the center of Eji). Clearly, 

f f6Tl2| 1 

/ bB{x)dT] > y{Ejg^k) > -TiiEj^^k) > ct]{B) 
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(the last inequality follows from the fact that there are at most A = A{d) cubes of j^-th 
generation in B). 

To prove that bs is bounded, we apply (6.13) to a cube Q = Qk+i,i = Q{wk+i,i, 2T£j^^J 
(see Section 1 for notations). By (1.6), the cubes Qk+i,i are separated. Hence, ipqu = v\Q = 
^li^jK+i-hi^ En), and by ( |6.13D we have \\Rt\{Ej^^^.r,inE„)\\L^{T»'') ^ Thus, 

^^(^,,-+1-1,/ n E^) < C7s,+ (^,,,+,-i,/ n E„) 

9 CAo2-'^(^'^+i-^)7,,+ (E„) = CAo2-'^'^^''+'-^^\\t]\\. 

Since Ej^^^i consists of 2'^^^^+'^^^'^^^^ cubes Ej^^^^ij, we get the estimate 



C'r]{E 



1,- 



2 4? J. 



Now (6.14) implies that 



< bB{x) < C, xeM.\ C = C{d, s) 
To complete the proof we only need to check that 

|9^^_g6B(x)| < C ?7-a. e. on Ej^^. 



(6.15) 



(6.16) 



(6.17) 



By translation invariance, it is sufficient to consider the case hsix) = bjg^k{x)- The same 



estimates as in (6.11) yield the inequality r][B{x^t)) < Cij^ t\ t > 0. Integrating by parts 
for every a G (0,4v^£,-^) we get 

x-y 



a<\x-y\<i^/dij F y 



— n\s+l 



= C 



^ c 



3K 1 



dr]{B{x,t)) 



/rmxMdi,^) 
V i^Vdi, 



''K r]{B{x,t)) 



dt 



C'{d,s). 



Thus, it is enough to prove delTl ) for 6 > Ay/dijj^ and r > 2y/d£j^. 

Set v?^"^^ = (fiq for Q = Q{x,e/y/d). Then suppy^*^^^ C B{x,e). As before, let (p^ = (pq for 
Q = Ejg^k- Applying (6.13) to the measure u with ipq = ip^, and then to the measure p^u 
instead of u and with (pq = p^'^\ we obtain 



\R 



\pB{l-ip{<:))v\\L° 



<C', C = C{d,s). {Q.li 



Let 



C = {UEj^,, : Ej^^i n 2Ej^,k ^ 0, E.^^i C \ B{x, e)}. 



Suppose that y G (supp 

_ ^(e))zy) 

\ C. Then y G -Ej^.i for which fl (i?(a;,£:) \ 

Q{x, e/\/d)) 0. Hence, 



e e 
< 



4v^ 2y/d 



< 



y-x\ 



<e + Vdijj^ < 5e. 
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x-y 



{suppipB{i-ipi<:))v)\c F ~ y\ 



This estimate and (6.18) imply the inequahty 
\\R 



V-^(l-¥.(=))i.)|clli'°° 

In the same way we will show that 



\pBu\C\ 



x-y 

{\y-x\>e}\c 1^ ^ y^^'^ 



L°°(Rd) < C, C — C{d^s). 



< C. 



jbeiy) dr]{y) 



(6.19) 
(6.20) 



Indeed, Lp^^\y) = for |?/ — xl > e, and hence 

(supp 6ij \ B{x, e))\CC (supp ^^(1 - v^^^V) \ ^ 



The same arguments as above together with (6.16) and the property (i) of rj imply (6.20). 
It remains to establish the inequality 



x-y 

c \x-y\'^ 



-hB{y)dr]{y) 



x-y 



c\x-y\ 



s+l 



d{fB^){y) 



< C for 77-a.e. X G 



(6.21) 



Then ( |6.17[ ) will follow from (jeJOj) and ( |6.20[ ). 

For every cube Ej^^i C C we have 



x-y 



■jbsiy) dT]{y) - 



F . \x — y\ 

X-y {yD^u){Ej^^i) 



x-y 



E ■ \x — y\ 



S+l 



F ■ \x — y\ 
dr]{y) - 



-d{^Biy){y) 
x-y 



F ■ \x — y 



s+l 



di^Bi')iy) 



x-y 



(^^z/)(E,,,) 



dr]{y) 



X-y 
\x — y\^~^ 



X Xjj^^i 



I d{ipBiy){y) 



^3k 



X — X 



1 ■ 



Hence, the left-hand side of ( |6.21[ ) does not exceed 



uiBix,t)) ^ 



dt 



< C{d,s) 



since e > Theorem 2.3 is proved. 



7. Applications 



We start with the extension of Theorem 2.3 to infinite sequences {cj}. Let cxi, cr2, . . . be 
positive numbers such that 

2a,+^<aj, J = 1,2,..., (7.1) 

and let numbers a G (0, ^), T G (1, 2^) be given. We define the set J = {ji,j2, ■ ■ ■} and the 
"regularized" sequence {£j} in the same way as in Section 1 for j < n. Namely, set ji = 1. If 
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jp E J, then jp+i is the least j > jp for which aj < a2 ^"^^(^jp- Possibly, Oj > a2 ''^^crjp 
for all j > jp. In this case the sequence J is finite: J = {ji, . . . ,jm}, m > 1. Clearly, 

J is infinite if and only if lim 2^aj = 0. (7-2) 



j-s>oo 



Furthermore, we set 

i- = 2-(^-^'-V,-^, Jp <j < jp+i, p=l,2,... 
If J is finite, then p = 1, . . . ,m with jm+i '■= oo. The Cantor set E is defined by the relation 

^ = n 

where the sets Ej^^ are defined in Section 1. In particular, if J is finite then E = Ej^. 
Theorem 7.1. Let d>l,sE {0,d), and let a sequence {crj}'^ satisfies (7.1). Then 



•i=i 



-1/2 



< jsAE) < c 



■ °° /0-dj\ 2n -1/2 



j=l 



(7.3) 



where the positive constants c, C and the parameters a, T of the Cantor set E depend only 
on d and s. 



Proof. Suppose that J is finite. Then 



j=jm + l 



2 oo 

< E 

j=jm + l 



Jrr 



Now (7.3) follows from (2.7) with n = jm- 



Assume that J is infinite. Since 



Jp) 



c 



Jp 

E 



2-4?- 



-1/2 



2 oo 



j=jm + l 



P = l,2, 



we get the estimate from above. We also get (7.3) (that is 'ys,+ {E) = 0) if the series in 
(7.3) diverges. Thus, we may assume that this series converges. The definition of 7^^+ and 
Theorem 2.3 imply the existence of measures Up, p = 1,2, . . . , such that 

SUppz/p = Ej^, ppW : 



E^ ^1 



I 



< 1. 



We may extract a weakly convergent subsequence {vj^. Denote by v the weak limit of this 
subsequence as i — )■ 00. Clearly, 

-2-dj\ 2-| -1/2 



supp V = E, 



E 



For any a; G M'^ \ suppz/p, we have |i?^^(a;)| < 1 (otherwise ||i?y^||ioo(ud) > 1 by continuity of 
Rl {x) on M'^ \ suppz/p). Hence, 



\Rt{x)\ = lim \Rl (x)| < 1, X eW\ suppz/. 



By (7.2), T-L (E) = 0. Hence, ll-R^ll^oomd) < 1, and Theorem 7.1 is proved 



□ 
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In [7] we obtained estimates for the Hausdorff content of the set where the Riesz transform 
Rl{x) is large. We also obtained certain relations between Hausdorff content and the capacity 
7s,+. We are going to show that these estimates are attained on the Cantor sets defined above. 



The possibility of considering arbitrary sequences {cj} satisfying (7.1) enables us to prove 
the corresponding assertions for any gauge function h (with the natural assumption that 
is nonincreasing - see the explanation below) without any additional conditions. 

By a gauge (or measure) function, we shall understand any continuous strictly increasing 
function h : [0, +oo) — [0, +oo) such that h{0) = and limr_5.+oo h{r) = +oo. 

The Hausdorff content Mh{G) of a set G C M.'^ is defined by 

Mh{G) = mfY,Hrj), 



where the infimum is taken over all (at most countable) coverings of G by balls of radii rj. 
Later on we assume that is nonincreasing. This condition, which may seem to be a 
regularity condition at the first glance, is actually not a restriction at all. It was proved 
in [1], p. 133, Proposition 5.18, that for any measure function h either M^iG) = for all 
G C M*^, or there is another measure function h* such that ^^^^ is nonincreasing and for 
which Hausdorff contents Mh and Mh* coincide up to a constant factor depending only on 
the dimension d. 
For P > 0, set 

Z{u,P) = {xeR'^ : Rl{x) exists and \Rl{x)\ > P}, 
Z*{u,P) = {xeR'':Rt^,ix)>P}. 

Clearly, Z{v,P) C Z*{v,P). Let /i be a measure function, N >2, and let be inverse to 
h. For a measure u consisting of N point charges, we have obtained the inequality 



M < C{s,d) 



|z/|| 



/i-i(M) 



/i-i(0.1M/Af) 



h{t) 



'dt 
1 



1 1/2 



where M = Mh{Z*{i', P)). This implicit estimate can be written in a simpler form using a 
certain auxiliary function (see [7] for details). 

Proposition 7.2. For every rj > and N > No{d, s), one can find a measure v which is a 
linear combination of N Dirac point masses, and such that ||z/|| = rj, and 



M > c{d,s) 



\i^\ 



/i-i(M) 
/i-i (CM/AT) 



h{t)Vdt 



1/2 



G = G{d,s) > 1, 



(7.4) 



for any M > Mh{Z{v, P)). 



In [7, Section 7] a certain family of random sets and measures was introduced. It was 
proved that this family contains (random) measures v with the properties indicated in Propo- 



sition |7.2[ Thus, the existence of a measure with the desired properties was established, but 
the concrete measure was not presented. Below we give a non-probabilistic construction of 
such a measure. 
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Proof of Proposition 7.2 Without loss of generality we may assume that = 2 . It is 
sufficient to prove our assertion for r/ = 1. For given A^, P, we introduce the function 



Ph{a) 



" fh{t)Ydt 



1/2 



where h^a^) = N ^h^cr) 



Clearly, x(cr) — t- as a — t- oo (we recall that h{oo) = oo, and a^r — t- oo). Since 



IS 



nomncreasmg, 



< 



0<ti< t2. 



(7.5) 



In particular, [a/a^jY ^ Hence, x(o") — ?■ oo as o" — )■ 0. Thus, there exists ctq > such 
that 



1 



Ph{ao) 



h{t)ydt 



1/2 



C4, 



1 



Ph{a) 



h{t)ydt 

) T 



1/2 



< C4, a > (To, (7.6) 



where the constant C4 > 1, depending only on d and s, will be specified later. 
Define aj by the equalities 



h{aj) = 2-''^h{ao), j = l. 



n. 



(7.7) 



By (7.5 ), 2(Tj_|_i < CTj, j = 0, . . . , n — 1. Let be the Cantor set from Corollary 5.6 , and let 
u be the probability measure consisting of = 2"''^ equal point masses 2~"'^ located at the 
centers of the cubes En,k, k = 1, . . . , T^'^ . We will prove that (5.19) implies (7.4). Indeed, 



2-4?- 

T 



'm 1 



/l((To)' 



/l((To)^ 



0° 



i=i -""^ 



(h{t)\dt 
T 



h{t)\dt m p2 



(7.8) 



-,2 ' 



if C4 is big enough; here C3 is the constant from (5.19), and a^^ = an- 
Define the measure ipn by the equality 

Fix a ball B{x,t) C R'^. Suppose that t < £„. Then 



(7.9) 



MB{x, t)) < C{d) ■i^f^c''^t^<c''^t'^ = C'h{t). 

Let t > £n, and let j be such that £j <t < ij^i (if t > ii, the upper bound is absent). Then 
B{x,t) intersects at most A{d) cubes Eji of j-th generation, that is at most A(d)2'^^^~^'' 
cubes Enk- Therefore 



MB{x,t))<Aid) 



hjap) 
-H'^iEn] 



2din-j)^d ^ A{d)hiao)2-'^' V Ch{t). 



(7.10) 



26 



V. EIDERMAN AND A. VOLBERG 



Hence, M^iG) > c{d, s)'ipn{G) for every set G in W^. We have 
M,(Z(z/,P)) >c^„(Z(z/,P)) 
It!; 



CllJnix e En'. \R'l{x)\ > C3 



1/2 



l |5.19| 



^ ch{cTo). 



Thus, for any M > Mh{Z{u, P)) we have M > ch{ao). If M > /i(cjo), then a := h~\M) > 
do, and imphes with C e [l,N). If ch{ao) <M< h{(To), then 

1/2 



M > c/l((To) 



7:61 c 



o"0 



> 



C4P 



/i-i(M) 



/i-i(c-iM/Af) 



h-i^iC^oj/Af) 



h{t)ydt 
) T 

1 1/2 



and we get (7.4) with C = c'^ and Nq > C. 



□ 



Remark. One can see that the relation (7.7) plays a crucial role in the proof of Proposition 



7.2 (as well as in the proof of the assertions below). Thus, additional assumptions on {crj} 
imply certain conditions on h. For instance, the assumption ^j+i < 6j gives the unnatural 
restriction h{aj+i)/h{aj) < {cTjj^i/crjY. For h(t) = t^, this means that (3 > s. 

Moreover, if we assume that (2 + 6)aj+i < Oj, 5 > 0, then h{aj+i) jhi^aj) = 2"'^ > 
{aj+i/o-jY"'^, e > 0. Our assumption that h(t)t~'^ is nonincreasing, does not provide us 
with this property. Thus, we need additional conditions on h (for instance, the stronger 
assumption that h{t)t'^^'^ is nonincreasing). 

Our next results concern the problem on the comparison of the capacity 7^,+ and Hausdorff 
measure. It was proved in [7] (see Theorem 10.1) that for each compact set E C M*^, 



t2 



hit) 



■dt 
T 



-1/2 



< s < d. 



where c depends only on d, s, and ^2 is defined by the equality h(t2) = Mh{E). This relation 
is sharp in the following sense. 

Proposition 7.3. For any s, d with < s < d, and for any measure function h, there is a 
constant C , depending only on d, s, and a compact set E, such that Mh{E) > 0, and 



7.,+ (P) < CM^{E) 



t2 



h{t) 



■dt 
1 



where /^(ta) = Mh{E). 



(7.11) 



Proof. Fix some ctq > 0, and define the infinite sequence {aj}jti by the equalities (7.7). Let 
E be the Cantor set from Theorem 17.11 We claim that 



chiao) < Mh{E) < Ch{ao). 



(7.12) 



The upper bound is obvious. The lower bound for a finite set J was proved above. If J is 
infinite, we consider the weak limit ip of some weakly convergent subsequence of the sequence 



{ipj^ } of the measures defined in (7.9). Clearly, ilj{B{x,t)) < Ch{t) for any ball B{x,t) (see 



(7.10)). Hence, Mh{E) > c^{E) = ch{ao). 
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Using the same estimates as in (7.8), we get 

^1^2^^ ^ 1 p fhiflYdt ^ 1 f'^ fh{t)Ydt 



i=i 



J h{ao)^ Jo \ J t h{t 



^2? 



This relation together with (7.3) imply (7.11). □ 

For h{t) = we get the following assertion. 
Corollary 7.4. Let < s < d, h{t) = t^, (3 > s. There is a compact set E cW^ such that 
IsAE) < C (/3 - sy/'[M,{E)Y/^, C = C{d, s). 
This statement is a supplement to Corollary 10.2 in [7]: for each compact set E C M'^, 
ls,+ {E) > c (/3 - sy/^[Mh{E)Y/^, where < s < c^, h{t) = t^, (3 > s, 
and c depends only on d and s. 



We conclude with one more direct consequence of Proposition 7.3 



Corollary 7.5. Suppose that (^)^y = oo. Then there exists a compact set E such that 
Mh{E) >0, but-fsAE) = 0. 

This statement demonstrates the sharpness of the following implication (Corollary 10.2 
in [7]): if Mh{E) > for a measure function h with (^)^f < oo, then 7s,+ (-E) > 0. 

Remark. It is interesting to compare the condition (^)^i^ < oo with the corresponding 
condition ^ y < oo, arising in the analogous problem of the comparison of Hausdorff 
measure and the classical Riesz capacity Cs{E). The latter is generated by potentials with 
the positive kernel (see [3], [6], Sections 1,2 and the references therein, and [1], p. 147 
for a more general setting). Clearly, Cs{E) < 7s^+(£'). The exponent 2 in (^) y reflects 
the difference between potentials with the signed kernel x|a;|~^~^, and potentials with the 
positive kernel \x\~^. 

The results obtained generalize and refine the corresponding statements in [6], where the 
case d = 2, s = 1 was considered. 

Acknowledgements. We are grateful to F. Nazarov whose idea helped to simplify greatly 
the proof of Theorem 2.1. 
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